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SUMmRY 

A mathemat ica l   ana lys i s   o f   the   logar i th-  
mica l ly   per iodic   d ipole  class of  frequency 
independent  antennas,  which  takes  into  account 
the  mutual  coupling  between  dipole  elements,  is 
descr ibed.  A h igh   speed   d ig i t a l  computer 
(ILLIAC) is used t o   c a l c u l a t e   t h e   i n p u t  impedance 
gain,  and  bandwidth, a s  w e l l  a s   t h e   i n p u t   c u r r e n t  
and vol tage  of the several elements. The PzSUltS 
from this   mathematical  model a r e  shown t o  be i n  
good ?yreement  with  measurements. A s t e p  by 
step  procedure,  which egables   one   to   des ign  a 
log-periodic  dipole  antenna  over a wide  range of 
the  parameters  of  input inlpedance,  bandwidth, 
gain,   and  antenna  size i s  presented. 

1. INTRODUCTION 

The log-periodic   dipole  is a l i nea r ly   po la r -  
ized  frequency  independent  antenna  of  moderate 
ga in .  By frequency  independent, we mean t h a t  
t he   obsepvab le   cha rac t e r i s t i c s  of t h e  antenna 
such  as   the  pat tern  and  input  impedance vary 
neg l ig ib ly   ove r  a band  of f requencies   within 
the   des ign  limits of the  antenna,  and  that  
t h i s  band may be made a r b i t r a r i l y  wide  merely 
by properly  'extending  the  geometry  of  the 
antenna  s t ructure .  The band limits of a given 
design  are   determined by n o n e l e c t r i c a l  restric- 
t ions ;   s i ze   gove rns   t he  low frequency limit and 
p r e c i s i o n  of construct ion  governs  the  high 
frequency limit. 

This   paper   appl ies   the  resul ts   of  a mathe- 
ma t i ca l   ana lys i s  of the   log-per iodic   d ipole  
an tenna l   t o  a s t e p  by s tep  procedure wrhich 
enables   one  to   design a log-periodic   dipole  
.antenna  over a range  of   the  parameters   that  
con t ro l   t he   i npu t  impedance,  bandwidth,  gain, 
and  antenna  s ize .  

2. DESCRIPTIOK  OF THE LOG-PERIODIC 
DIPOLE ANTENNA 

The LPD antenna   p ic tured   in   F igure  1 and 
descr ibed by Figure 2, consists of a p l u r a l i t y  
of p a r a l l e l   l i n e a r   d i p o l e s   a r r a n g e d   s i d e  by 
s i d e   i n  a plane. The lengths   of   the   dipole  
elements  and  the  spacing  between  elements  form 
a geometric  progression  with a common rat io  
7 < 1. The spac ing   f ac to r  0 i s  def ined as t h e  
distance  in  aravelengths  between a half-wave 
dipole  and its next  smaller  neighbor.  a is 
the  angle  subtended by t h e   a x i s  of the  antenna 
and the  ends  of  the  elements  on  one  side.  0 
is r e l a t e d   t o  7 and a by 0 = (1/4)(1-r)cot  a. 
The elements  are  energized  from a balanced, 
cons tan t  impedance feeder,   adjacent  elements 

be ing   connec ted   t o   t he   f eede r   i n   an   a l t e rna t ing  
fashion.  The antenna may be   fed  by a balanced 
l ine  connected  to   the  small   e lement  end. 
Al te rna t ive ly ,  a coaxial   l ine   running  through 
one  of  the  feeders  from  back t o   f r o n t  may be 
used,   the   center   conductor   being  connected  to  
the   o the r   f eede r   a s  shown i n   F i g u r e  3. I n   t h e  
l a t t e r  method, the  antenna becomes i t s  own balun. 
When the  operat ing  f requency i s  wi th in   the   des ign  
limits, r a d i a t i o n  is e n d f i r e   i n   t h e   d i r e c t i o n  of 
the   shor te r   e lements ,   and   the   feeder   cur ren ts  
behind  the  longest   e lement   are   negl igible;   hence,  
the   t e rmina t ion   has  l i t t l e  e f f e c t .  

3. FORhmTLATION OF THE PROBLEM 

The LPD antenna w a s  invented by I s b e l l '   a t  
t h e   U n i v e r s i t y   o f   I l l i n o i s   i n  1958 a s  a d i r e c t  
r e s u l t  of pionee  ing work on log-periodic   s t ruc-  
t u r e s  by DuHamel . A t  tha t   t ime i t  was specula- 
t e d   t h a t   s i n c e   t h e  LPD i s  made of  conventional 
dipole  elements,  it may be  amenable t o   a n a l y s i s  
i n  terms of t h e  known p r o p e r t i e s  of  dipoles. 

s 

The a n a l y s i s  w i l l  be d i v i d e d   i n t o  two p a r t s .  
The unknown vol tages   and   cur ren ts   a long   thef ieder  
c o n s t i t u t e   t h e   i n t e r i o r   p a r t  of t h e  problem. 
Determining  the unknown f a r   f i e l d s  of the   d ipole  
e l emen t s   cons t i t u t e s   t he   ex t e r io r   pa r t  of t h e  
problem.  Since  the  transverse  dimensions  of  the 
f eede r   a r e   sma l l  compared t o  wavelength, i t s  
p r inc ipa l   func t ion  is to   gu ide   and   d i s t r ibu te   t he  
energy   to   the   rad ia t ing   e lements .  The feeder  
f u r n i s h e s   u s   w i t h   t h e   c i r c u i t   p r o p e r t i e s  of t h e  
antenna:  impedance,  voltage,  and  current. Thus, 
c i r cu i t   t echn iques   can   be   u sed   i n   t he   so lu t ion  of 
t h e   i n t e r i o r  problem. 

4. THE INTERIOR PROBLXhf 

Insofar  as t h e   i n t e r i o r  problem is concerned, 
the  connect ion  of   the  dipole   e lements   with  the 
feeder  is equ iva len t   t o   t he   pa ra l l e l   connrc t ion  
of tup0 N t e rmina l -pa i r   c i r cu i t s .  One c i r  .lit 
c o n s i s t s  of t h e   f e e d e r   w i t h   a l t e r n a t i n g , p N p e r l y  
spaced  taps which represent   the   t e rmina ls tnwhich  
the  e lements   are   eventual ly   a t tached.  The feeder  
c i r c u i t  i s  shown schemat ica l ly   in   F igure  4b. Note 
the   i nc lus ion  of a terminat ing impedance 2 
is a r b i t r a r y  and  can  be  varied t o  test fo r   end  
e f f e c t .  The parameters   which  descr ibe  this  
c i r c u i t   a r e  Z , t h e   f e e d e r   c h a r a c t e r i s t i c  imped- 
ance; B the   Peeder   propagat ion  constant ;  0, 7,  
and d ghich  determine  the  spacing;  and N. 

1 

Consider t i e  admittance  matriz  of  fhe 

T' 'T 

f e e d e r   c i r c u i t  YL and its inverse  Z -1 
L = y L  ' 
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The y . . ' s   a r e   t r i gonomet r i c   func t ions .  I t  be- 
comes v ldent  why a l l   t h e   e l e m e n t s   o f f   t h e  
diagonal by two or more a r e  zero when we consider  
t h a t   y . .  i s  t h e   c u r r e n t   i n   t e r m i n a l  i due t o  a 
u n i t   v k j t a g e   a t  j, a l l   t e r m i n a l - p a i r s   o t h e r   t h a n  
j being  shorted.  The s h o r t   c i r c u i t  restricts 
c u r r e n t   f l o w   t o   s e c t i o n s  of l i n e   a d j a c e n t   t o   t h e  
te rmina ls  t o  which the   vo l t age  is applied,  hence 
no vol tage  is induced in   t he   r ema in ing   s ec t ions .  

The f i e l d s  of the  dipole  elements  determine 

 id . 

t he   d r iv ing   po in t  impedances of the  e lements  
which  shunt  the  feeder.  The c i r c u i t   p r o p e r t i e s  
of the  e lements  are descr ibed  by an N terminal  
p a i r   c i r c u i t   a s  shown i n   F i g u r e  4a.- Let-Y be 
the  element  admittance  matrix  with ZA = *A > 

The y .  ' s  represent   the  e lement  t o  element 
coupl$$g, the  range  of  which  extends  throughout 
the  antenna. The y's are complex func t ions  of 
7 ,  0, h and h/a, t he   he igh t  t o  r a d i u s   r a t i o  
of t h e  $;pole elements. The method u s e d   t o  
determine  the y ' s  depends  on  the  assumption of 
a s i n u s o i d a l   c u r r e n t   d i s t r i b u t i o n  on the   d ipo le s .  

The fo l lowing   re la t ions   ob ta in :  

where  and a r e  column vectors  which  repre- 
s e n t   t h e  N drivkng  currents  and  response  voltages 
r e s p e c t i v e l y  of t h e   f e e d e r   c i r c u i t .  A l s o ,  

L 

- - -  
I = Y  v A A A' 

where yA and VA a r e  column vectors  which  repre- 
s e n t   t h e  N d r iv ing   cu r ren t s  and  response  volt-  
ages   of   the  element c i r cu i t .   I f   t he   co r re spond-  
ing   t e rmina ls   o f  the feeder   and   e lement   c i rcu i t s  
a r e   c o n n e c t e d   i n   p a r a l l e l ,  a new c i r c u i t  is 
obtained as shown i n   F i g u r e  4c. T&e response 
vol tage   vec tor  is equal t o   e i t h e r  V or V 
s ince   t hey   a r e   equ iva len t .  The d r i v i n g   c u r r e n t  
vec tor   o f   the  new c i r c u i t  is now t h e  sum of 

- 

A .  L 

- 
IA and  due t o  conservat ion  of   current  a t  a 
node. I$ equat ions (3) and  (4)  are  added, 

- 
I = ' I  +T = Y  v + P  v 

A  L A A  L L  (5) 
- 
V- is set e q u a l   t o  7.  and  factored,  
L A 

Be a r e   i n t e r e s t e d   i n  yA, the   base 
antenna  terminals.   Therefore,  

or 

(6) 

c u r r e n t   t o   t h e  

( 3  

where is the   un i t   mat r ix .  The elements  of 
r e p r e s e n t   t h e   i n p u t   c u r r e n t s   t o   t h e  new c i r c u i t  
of Figure 4b. However, i n   t h e   a c t u a l   a n t e n n a   a l l  
t h e s e   c u r r e n t s   a r e   z e r o   e x c e p t   t h e   c u r r e n t   a t   t h e  
f eed   po in t  which is the   d r iv ing  current of t h e  
antenna. We may s e t   t h e   d r i v i n g   c u r r e n t   e q u a l  
t o  one ampere. Therefore, 

Equation (8 )  must  be  solved  for -IA. This  
can be done by i nve r t ing   t he   ma t r ix  T, 

o r  by s o l v i n g   d i r e c t l y   t h e  set of  simultaneous 
equat ions (8). The l a t t e r  i s  e a s i e r   t o  do i n  
terms of  computer  time  and  accuracy  due t o   t h e  
s i m p l i c i t y  of I. Once IA is determined, 7 
can  be  found  by A 

- v = Z  i 
A A A  

Note t h a t   t h e  Nth element  of yA is the   vo l t age  
ac ross   t he  smallest d ipole ;  it is a l s o   t h e   i n p u t  
impedance  of t he   en t i r e   an t enna   s ince  w e  assumed 
one  ampere of input   current .  

5. THE  EXTWIOR PROBLJBT 

The f a r   f i e l d   r a d i a t i o n   p a t t e r n   c a n   b e  
ca lcu la ted   once   the   e lement   base   cur ren ts  I 
are known. The magnitude  of  the  H-plane  pattern 
is given  by 
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The  magnitude  of  the  E-plane  pattern  is  given  by 

exp (-jB I x 1 sin 8 cos 9 , n I 
The  coordinate  system  used  is  shown  in  Figure 5. 
X is  the  distance  from  the  origin  to  the  nth 
efement . 

6. THE COMPUTER  SOLUTION 

The  above  formulas  were  programed in complex 
number  arithmetic for use of the  ILLIAC,  a  high 
speed  digital  computer  operated  by  the  University 
of.Illinois Graduate  College.  Because  of  the 
large  amount  of  intermediate  results  which  must 
be  stored in the  fast  access  electrostatic 
memory  (capacity 1024 forty  bit words),  the 
program  was  split  into  six  different  parts,  each 
stored on the  slow  access  magnetic  drum  (Capacity 
16,384  forty  bit words). They are: 

1. Input:  The  descriptive  parameters  of 
the  antenna  are  read  into  ILLIAC. 

2. Computation  of 1 
' 3. Computation  of U 

A 

L 
4. Matrix  multiplicEti-on of YL ZA and 

- -  
solution of I = T I,. 

- _ -  
5 .  Outp_ut I A J  multiply ZA IA = v and  out- 

- -  
p t  v A 

A 
6. Pattern  calculation  and  scope  display 

of  patterns. 

A  control  program  calls  each  section  into  play 
as  needed. 

The  input  and  basic  output  of  the  computer 
is  by  perforated  paper  tape  which  is  translated 
by a teletypewriter.  The  patterns  are 
calculated  point  by  point  and  are  plotted  by 
the  ILLIAC  on  a  scope  to  which  is  attached an 
automatic 35 mm camera.  The  camera  takes  a 
picture  of  the  completed  pattern  and  advances 
the  film  into  position  for  a  new  exposure.  The 
details  of  the  programing  are  not  of  general 
interest  and  will  be  omitted. 

7. RJ3SULTS OF  CONPIPTATIONS 
AND MEASUREMENTS 

A. The  Transmission  Region 

The  mechanism  of  the  transfer  of  energy 
from  the  feeder  to  the  radiated  field  leads  one 
to  consider two fields on the  structure. 

One  field  originates at the  feed  point  and 
prcpagates  along  the  feeder in the  direction  of 
the  larger  elements.  This  is  called  the  trans- 
mission  field.  The  other  field  originates in 
the  vicinity  of  the  half-wavelength  element  and 
propagates to and  beyond  the  tip  of  the  antenna, 
manifesting  itself in the  radiated  field. 
Separating  the  fields  makes  it  possible  to 
neglect  the  radiated  field in the  solution  of 
the  interior  problem. 

A s  the  energy  is  launched  from  the  feed 
point  onto  the  small  element  end  of  the  antenna, 
a TEM type  wave  is  set  up,  supported  by  the 
feeders  and  the  small  elements  which  load  the 
feeder  log-periodically.  This  transmission  line 
mode  is  evidenced  by  the  feeder  voltages  V +.- 
(VL+ is the  true  transmission  line  voltage. L 

differs  from TL* by  an  additional  180°  phase  at 
every  other  element  due  to  the  alternating 
feeder connection). A plot  of  the  measured 
magnitude  and  phase of the  feeder  voltage  is 
shown  as  a  function of normalized  distance  from 
the  apex  in  Figure 6 .  The calculated  voltage - +  VL  at  the  location  of  each  element  is  also 
plotted. The  results  are  in  good agreement. The 
plot  shows  a  steadily  decreasing  voltage  away 
from  the  feed  point  to  the  short  circuit  which 
terminates  the  feeder  beyond  the  largest  element. 
The phase  variation is essentially  linear  with 
distance up to  the  half-wavelength  element. The 
slope  of  this  curve  is  inversely  proportional 
to  the  relative  velocity  of  propagation  v /c 
where vt is  the  phase  velocity  of  the  trans- 
mission  field  and  c  is  the  velocity  of  light  in 
the  medium.  This  ratio  is  a  function  of  the 
feeder  characteristic  impedance; as  shown  in 
Appendix A, it  decreases as Z increases.  The 
slow  wave  nature  of  the  trans%ssion  field  has 
been  verified on a  different  type  of Lp struc- 
ture  by  Bell,  Elfving,  and  Franks . 

vL 

t 

4 

B. The  Active  Region 

The  element  base  currents TA in the  region 
of half-wavelength  elements  (the  ''active  re@'Js) 
provide  a  connection  between  the  transmission 
field  and  the  radiation  field.  The  driving 
point  impedances  of  the  elements in the  active 
region  become  predominately  real,  thus  energy 
is efficiently  coupled  from  the  feeder  to 
the  radiating  elements.  The  element  base 
currents in  the  active  region  rise to  a  peak 
somewhat  ahead  of  the  resonant  element,  and 
then  drop  off  rapidly as  shown  in  Figure  7. 
As frequency  is  changed,  the  shape  of  this 
curve  remains  unchanged.  That  is,  the  active 
region  moves  along  the  antenna  but  its  dis- 
tance in wavelengths  from  the  apex  remains 
constant. The active  region  becomes  de- 
formed  as it  begins  to  include  the  front 
or back  element on the  antenna. When  this 
happens,  the  upper or  lower  frequency  limit 
is  reached. 
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I f   the   ac t ive   reg ion   had   no 'wid th ,   the  
operating  bandwidth B would  be  given  by  the  ratio 
of t he   l eng th  of t h e   l a r g e s t   t o   s m a l l e s t   e l e m e n t s  
on  the  antenna.  This ra t io  is c a l l e d   t h e  band- 
width  of the s t ruc tu re   B . .  

S ince   t he   ac t ive   r eg ion   has  some width, it is 
apparent   tha t   the   opera t ing   bandwidth  B is 
always less than  B by a f a c t o r  B which is 
c a l l e d   t h e  bandwidfh of t he   ac t ive   r eg ion .  Thus, 

a r  

B = B  f B  
8 ar  a 

Placing  numerical   values  on B and Bar, is ComP1i- 
c a t e d  by t h e   f a c t   t h a t   t h e   a c t i v e   r e g i o n  is not 
eas i ly   quan t i f i ed .  It has   been   found  tha t   the  
impedance  and  pat terns   remain  essent ia l ly  
independent of frequency  if   the  bandwidth of t h e  
a c t i v e   r e g i o n  is determined  from  the  amplitude 
curve  of  Figure 7. L e t  R+ and R- bz t_he dis tance  
to   t he   apex  of t h e  -10 db p o i n t s  (€2 >R ). Then 

A graph  of Bar vs  a f o r   s e v e r a l   v a l u e s  of -r i s  
g iven   i n   F igu re  8. 

The phase  of the cur ren t   f rom  e lement   to  
e l emen t   i n   t he   ac t ive   r eg ion  is shown i n   F i g u r e  
7. This  is the  phase  which  has   to   be  considered 
when comput ing   the   rad ia t ion   pa t te rn .  The 
s lope  of t h e   c u r v e   i n   t h e   a c t i v e   r e g i o n   i m p l i e s  
a slow wave t rave l ing   towards   the   apex   wi th  a 
v e l o c i t y  of 0.36 c. This  wave corresponds t o  
t h e   f i r s t  backward  space  harmonic of a per iodic  
s t r u c t u r e  made up of c e l l s   i d e n t i c a l  t o  t h e  
c e n t r a l   c e l l  of t he   ac t ive   r eg ion .  Mayes, 
Deschamps, and  Patton'  have  explained  the 
operat ion  of   unidirect ional   f requency  independent  
antennas i n  terms of  backward wave r a d i a t i o n .  

C. Radia t ion   Pa t te rns  

An example of t h e  computed p a t t e r n s  is 
shown i n   F i g u r e  9 .  f .  denotes  the  frequency, 

J 

where f is the  f requency a t  which d ipole  
number one is a half-wavelength  long.  Frequency 
independent  behavior is observed  over the design 
range of the  antenna,   wi th  pat tern  heak-up 
o c c u r r i n g   a t  f beyond the  high  f requency 
limit. Measured  and  computed p a t t e r n s  are shown 
i n   F i g u r e  10. 

1 

8' 

The pr inc ipa l   pa t te rn   parameters   a re  7 and 
a. The d i r e c t i v i t y  of t h e  computed p a t t e r n s  
was est imated  f rom  the E- and  H-plane  half-power 
beam widths by the  approximate formula' 

A map of   cons tan t   d i rec t iv i ty   contours   as  a 
func t ion  of and cr is shown i n   F i g u r e  11. I n  
t h i s   f i g u r e  2 equals  100 ohms and  h/a  equals 
125. 

Let us d e f i n e   t h e   o p e r a t i n g   r e g i o n   t o   b e  
a l l   v a l u e s  of 7 and u which r e s u l t   i n   s i n g l e -  
lobed  frequency  independent  patterns.  The 
opera t ing   reg ion  is bounded  on t h e   r i g h t   s i d e  
of Figure 11 by values  of T so l o w  t h a t   o n l y  
one  element on the  antenna is near a half-wave- 
l eng th   l ong .   In   t h i s   ca se  much of the  energy 
i n   t h e   t r a n s m i s s i o n  wave is passed  beyond t h e  
a c t i v e   r e g i o n  and r e f l e c t e d  a t  t h e  end of t h e  
antenna,  destroying  the  log-periodic  performance. 
For  values of u l e s s   t h a n  .05 t h e   d i r e c t i v i t y  
f a l l s   o f f   r a p i d l y   a n d   t h e   i n p u t  impedance v a r i e s  
with  frequency.  High  values of T o n   t h e   l e f t  
s i d e  of Figure 11 have  not  been  completely 
inves t iga ted .  I n  t h a t  case the   l eng th  of t h e  
LPD antenna  to   produce a given  bandwidth becomes 
excessive.  The optimum u i n d i c a t e d   i n   F i g u r e  11 
is the   va lue  of u f o r  m a x i m u m  d i r e c t i v i t y   f o r  a 
given T .  It i s  a l s o   t h e   v a l u e  of u f o r  which 
the   i npu t   s t and ing  wave r a t i o  is m i n i m u m ,  a s  
e x p l a i n e d   i n   p a r t  D. For  values of u g r e a t e r  
than   the  optimum, side lobes appear on t h e  
r a d i a t i o n   p a t t e r n ,  

The d i r e c t i v i t y  is independent of t h e  
c h a r a c t e r i s t i c  impedance  of t h e   f e e d e r   f o r   a l l  
p r a c t i c a l   v a l u e s  of Zo. The only   e f fec t   o ther  
t han   t he   change   i n   t he   i npu t  impedance is a 
s h i f t   . i n  kbe l o c a t i o n  of t h e   a c t i v e   r e g i o n   i n  
t h e   d i r e c t i o n  of  smaller  elements,   as Zo is 
increased.  The element  height t o   r a d i u s   r a t i o  
does   a f f ec t  the d i r ec t iv i ty ;   fo r   each   doub l ing  
of  h/a the d i r e c t i v i t y   d e c r e a s e s  by about 0.2 db. 
i n   t h e   r a n g e  50 < h/a < 10000. 

From an   ana lys i s  of the  phase of t h e   f a r  
f i e l d   r a d i a t i o n ,   t h e   p h a s e   c e n t e r  of t h e  LPD 
antenna  has  been  found to  lie within the cctife 
region.   These  resul ts  w i l l  be d i s c u s s e d   i n  
more d e t a i l   i n  a for thcoming  technica l   repor t  . 
D. Input  Impedance 

A t y p i c a l  locus of ca l cu la t ed   i npu t  imped- 
ance  versus  frequency  on a Smith  char t  is shown 
i n   F i g u r e  12. The poin ts   c lus te r   a round a mean 
r e s i s t a n c e   l e v e l  R . To determine Ro, one 
draws a c i r c l e   a r o z n d  the c l u s t e r .  Its i n t e r -  
s ec t ion   w i th   t he   r e s i s t ance   ax i s   de t e rmines   t he  
minimum and maximum swing of r e s i s t a n c e .  R is 
then  given by 

RO (19) 

The s tanding wave r a t i o   w i t h   r e s p e c t   t o  R is 
given by 
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The  mean  resistance  level  R  is  determined  prin- 
cipally  by  the  characteristlc  impedance  of  the 
feeder Zo, as  shown  in  Figure 13. The dependence 
on Z is  also  given  by an approximate  formula  for 
R wgich  has  been  found  to  agree  with  all  measur- 
e8 and  computed  results  to  date,  within 10 per- 
cent. / /  

0 

7 

R3 = zo / (21) 
4a'Za 

where 

(22) 

is  a  mean  spacing  factor  and 

Z = 120 (-@n - - 2.25) (23) 
h 

is an average  characteristic  impedance  of  a 
short  dipole  as  a  function  of  h/a. The deriva- 
tion  of  equation 2 1  is  given  in  Appendix A. R 
as  a  function,  of 7 and a is  plotted in  Figure P4 
for h/a = 125, and Zo = 100. It is seen that 
R decreases  with  increasing f and  increasing 
a. 

The  standing  wave  ratio  with  respect  to R 
has  a  minimum  value  of  about 1.1:1 at  the 
optimum  value of 0. As 0 is  decreased  below 
the  optimum  the SWR rises  above 1.8:1 at IJ = 0.05. 
These  values  represent  a  lower  bound;  the 
measured SWR is  usually  somewhat  greater,  as 
shown  in  Figure 13. 

0 

8. DESIGN  PROCEDURE 

For most  applications,  we  are  interested in 
designing  an  antenna  which  has  a  given  directiv- 
ity  and  input  impedance  over  a  given  frequency 
band.  Once  these  electrical  characteristics  are 
specified,  we  have  to  decide  the  relative  impor- 
tance  of  reducing  the  number  of  elements or the 
size  of  the  antenna.  These  two  characteristics 
are  not  independent.  The  number  of  elements  is 
determined  mainly  by T; as 7 increases  the  number 
of  elements  increases.  The  antenna  size  is 
determined  mainly  by  the  boom  length  (the  dis- 
tance  between  the  smallest  and  largest  element), 
which  depends  primarily on 0. A s  cr increases  the 
boom  length  increases. 

With  these  facts in mind  a  preliminary 
choice  of 7 and IJ can be  made  from  the  graph  of 
Figure 11. To determine  the  boom  length  and  the 
number  of  elements,  the  bandwidth  of  the  struc- 
ture E must  be  found.  The  dependent  parameter 
a is  gfven by 

1 - 7  tan U = - 4u (24) 

or by  the  nomograph  of  Figure 17. Consult 
Figure 8 to  determine  the  bandwidth B for  the 
given  values  of 7 and a. The  bandwid%  of  the 
structure B is  then  given  by 

E = B E  ar' 

where B is  the  required  operating  bandwidth.  The 
geometry  of  the LPD antenna  now  provides  a  rela- 
tion  between  the  boom  length  relative  to  the 
longest  operating  wavelength 1 since  the 
le  th  of  the  first  element is afways  made  equal ma 

toy%. 
2 

= 4 1 (1 - ?cot a (26) 
max 

where L is  the  boom  length  between  the  largest 
and  smallest  elements. A nomograph  of  equation 
26 is  given in Figure 18. The  number  of  elements 
required is found  from  the  equation 

log B 

log 1/T ' N = l + L  

a  nomograph  of  which  is  given  in  Figure 19. 

The  design  procedure for the  principal LPD 
parameters  is  now  complete.  It  is  likely  that 
the  first  estimate  of 7 and (5 will  lead  to  a 
longer  boom  length  than  necessary, so a  revision 
must  be  made  in 7 and 0, and  the  above  procedure 
should  be  repeated  several  times  until  the  min- 
imum  boom  length  is  found. On the  other  hand, 
the  minimum  boom  length  design  may  require an 
excessive  number  of  elements  or  the SWR for  that 
value  of (3 may  be  too  high, so a  re-adjustment  of 
T and cr might  be  called  for. 

Once  the  final  values  of 7 and cr are  found, 
the  characteristic  impedance  of  the  feeder Z , 
must  be  determined so as  to  give  the  require8  in- 
put  impedance  R . Structural  considerations 
would  probably  aictate  the  element  height  to  radi- 
us ratio h/a. The  average  characteristic  imped- 
ance of  the  element, Za, can  then  be  found  from 

Za = 120 (In  h/a - 2.25) (28) 

or from  the  graph  of  Figure 15. Using  the  rela- 
tive  element  impedance  Za/R  and cr' = u/jfi! and 
inverting  formula 21 gives  ?he  characteristlc 
impedance of the  feeder  relative  to  R . 

0 

zO 1 _ -  
Ro 80'Za/Ro (29) 

A graph  of  equation 29 is  given in  Figure 16. 
Once Z is  found,  the  design  is  complete. In 
practice,  the  feeder  termination ZT is  a 
short circuit a distance  of kma% or less 
behind  element  number  one. In several  cases 
a  short  circuit at  the  terminals of  element 
number  one  yielded  satisfactory  results; in 
these  cases  the  shorted  element  acted as 
a  passive  reflector  at  the  lowest  frequencies. 

As an example  of  the  design  procedure,  it 

0 
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was d e s i r e d   t o   b u i l d   a n  LPD antenna  with a 
d i r e c t i v i t y  of  9.5 db, a bandwidth  of  1.75,  an 
input  impedance of 80 ohms, and  an  h/a  of  118. 
Values of T = 0.92  and (5 = 0.12  were s e l e c t e d  
from  the  graph of Figure 11. From Figure 17 a 
is 9.5O. The bandwidth  of t h e   a c t i v e   r e g i o n  Bar 
f o r  a = 9.5 is 1.46  from  Figure 8. This  means 
tha t   the   s t ruc ture   bandwidth  B must  be  2.55. 
The r e l a t i v e  boom leng th  yxrna: is 0.91  and N = 12 
from  Figures 18 and  19. The height  of element 
number one is xm&4  and  a sho r t   c i r cu i t   t e rmi -  
n a t e s   t h e   f e e d e r   a t  a d i s t ance  0.185 Amax behind 
t h e   f i r s t   e l e m e n t .  A f eede r  impedance of 100 ohms 
was used, as  determined  from  Figures  15 and  16. 
The resu l t ing   an tenna  is pictured  in   Fi ,gure 1. 
The average  measured d i r e c t i v i t y  was 9.52  over  a 
1 .8~1 band. The input  impedance was 7 3  ohms over 
a  1.8:l  band,  and t h e  SWR wi th   r e spec t   t o  73 ohms 
was l e s s   t han   1 .3 :  1. Twelve o the r   l abo ra to ry  
models  agreed  with  the  data  in  Figure 11 with  an 
average   e r ror  of 0.35 db, and  a maximum e r r o r  of 
1.5 db. Thus w e  have  the  formulas  needed  to 
design a log-periodic  dipole  antenna. The 
nomographs a re   pa r t i cu la r ly   u se fu l ,   s ince   t hey  
a l low  one   to  work out  many preliminary  designs 
without   resor t ing  to   computat ions.  

0 

APPEXDIX A. APPROXIK4TE FOWL4 FOR Ro 

It is a n   e s t a b l i s h e d   f a c t   t h a t   t h e   s t a n d i n g  
wave r a t i o   w i t h   r e s p e c t   t o  R of  a wel l  made LPD 
is smal l ,   usua l ly  less than  ?.4:1. The small 
standing wave r a t i o  is observed no matter how 
severe   the   f ront   t runca t ion ,   as   long   as  a w e l l -  
formed  active  region  remains on the  antenna.  These 
two f ac t s   sugges t   t ha t   t he   obse rved  R is a c t u a l l y  
t h e   c h a r a c t e r i s t i c  impedance of  a t ransmission 
l i n e  made up of the  feeder   and  the  small   e lements ,  
and t h a t   t h e   a c t i v e   r e g i o n  is a  good  match t o  
th i s   t r ansmiss ion   l i ne .  

0 

I f  we cons ider   the   capac t ive   loading  of the  
small elements, we no te   t ha t   t he   capac i ty  is 
p r o p o r t i o n a l   t o   t h e   l e n g t h  of the  elements and 
tha t   the   spac ing   d .   o f   e lement  j is proport ional  
t o   t h e   l e n g t h  of element j. As an  approximation, 
then ,   the   capac i ty   per   un i t   l ength  is constant .  
Thus we add t o   t h e  nominal   capaci ty   per   uni t  
length of unloaded  feeder a term which r ep resen t s  
t he   capac i t i ve   l oad ing  of the  small   elements.  
Consider  the  approximate  formula  for  the  input 
impedance  of  a dipole  antenna, 

Z = - j Za c o t  Eh (30) 

z is an   average   charac te r i s t ic  impedance  of the  
dfpole  , 

za = 120 (1 n  -2.251,  (31) 

This  is Jordan's: modif icat ion of  a formula  from 
Siege1 and  Labus . I f   t h e   d i p o l e  is small, 6 is 
the  free  space  propagation  constant.   Replacing 
the   co tangent   func t ion  by its small  argument 
approximation,  the  capacity of the   n - th   d ipole  
is given by 

where  c is the   ve loc i ty  of l i g h t   i n  vacuo.  If 
we use  the mean s p a c i n g   a t   d i p o l e  n, 

the   average   capac i ty   per   un i t   l ength  is given by 

(34) 

But  h  /d is r e l a t e d   t o   t h e   s p a c i n g   f a c t o r  d by 
n n  

hence c 

A C = -  JT 4czao - 

(35) 

Since 

O r  

where 

R o =/ C o + A C '  Lo 

zo 6 
za 4 0  - m = l + - -  

The new propagation  constant B, is given by 

6, = Eo 6 . 

(40) .: 

Thus we  have a formula   for   the  mean r e s i s t a n c e  
l e v e l  R and the  propagat ion  constant   in   terms 
of the  spacing  parameter (5, r and t h e  h/a r a t i o .  

I n v e r t i n g   t h e   f o r m u l a   t o   f i n d   t h e   f e e d e r  
impedance Z i n  terms of R we f i n d  

0, 
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OIRECTkX OF BEAM - 

Fig. 2. The log-periodic dipole antenna, with 
definitions of parameters. 

Fig. 1. A log-periodic dipole antenna. T =  0.92, 
(r = 0.12, Cy = 9.54 N = 12, Z o  = 100 9, and 
h/a = 118. 
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FEED 
POINT, 

Fig. 3. Connection of elements to  balanced  feeder and 
feed  point  details. 

P. ELEMENT  CIRCUIT 

b. FEEDER CIRCUIT 

r-----lr l  

c. COMPLETE CIRCUIT 

Fig. 4. Schematic  circuits for the LPD interior 
problem. 

r 
L 

9.90 I 
Fig. 5. LPD pattern  coordinate  system. 

MEASURED - 
CALCULATED: 

PHASE A 15 

250 t AMPLlTUDEo 

a 
U 

0.5 0.6 0.7 0.8 0.9 1.0 1.1 

Fig. 6. Relative  magnitude and phase of feeder 
voltage vs R/A at f3, 7 = 0.888, u = 0.089, 
U = 17.5', N = 8, Zo = 100 L?, h/a = 125, 
short circuit  termination 0.128 A behind 
element  number one. 
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Fig. 7. Relative magnitude and phase of element  base 
current vs R/A at f 3 , r  = 0.888, D = 0.089, 
a= 17.5O, N = 8, Z o  = lOOB, h/a = 125, short 
circuit  termination 0.128 A behind element 
number one. 
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Fig. 8.  Bandwidth of action  region  Bar VS c1 for 
several  values of r, for Zo = l o o p ,  h/a 
= 125. 

f 2  E- PLANE 
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f - ,  H  -PLANE 

Fig. 10. Computed and measured patterns, 7 = 0.888, 
(r= 0.089, ct = 17.5O, Zo = 100 D, h/a = 125, 
ZT = short  at 0.1 Amax behind element 
number one. 

Fig. 9. Computed patterns vs  frequency, -r= 0.888, 
u = 0.089, a = 17.5O, Zo = 100 9, h/a = 125, 
ZT = short a t  0.1 h- behind element 
number one. 
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I .9a 

Fig. 11. 

SCALE FACTOR Z 

Constant directivity contours in decibels vs 
rando. Z? = 100 Q, h/a = 125, ZT = 1000, 
optimum o mdicates maximum directivity for 
a given value of 7. 

Fig. 12. Computed  input  impedance vs frequency, 
T= 0.888, U =  0.089, oL= 17.5O, 2, = 100 0, 
ZT = 100 Q, h/a = 125. 
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Fig. 13. Mean resistance  level R, and SWR vs  feeder 
impedance, 7 = 0.888, 4 = 0.089, 01 = 17.5", 
h/a = 125, ZT = Zo, - computed, 
xxx experimental, ooo approximate formula. 
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ci DEGREES 

Fig. 15. Average characteristic impedance of a 
dipole, Za = 120 (In h/a - 2.25). 

Fig, 14. Mean resistance  level R, v s a  and r, 
Zos= 100 9, h/a = 125, from approximate 
formula. 
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RELATIVE  CHARACTERISTIC  IMPEDANCE OF A  DIPOLE ELEMENT Z,,./R, 

Fig. 16. Relative  feeder impedance vs  relative 
dipole  impedance for several  values 
of u. 
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